The capability to store light for extended periods of time enables optical cavities to act as narrow-band optical filters, whose linewidth corresponds to the cavity's inverse energy storage time. Here, we report on nonlinear filtering of an optical pulse train based on temporal dissipative Kerr solitons in microresonators. Our experimental results in combination with analytical and numerical modelling show that soliton dynamics enables storing information about the system's physical state longer than the cavity's energy storage time, thereby giving rise to a filter width that can be more than an order of magnitude below the cavity's intrinsic linewidth. Such nonlinear optical filtering can find immediate applications in optical metrology, low-timing jitter ultra-short optical pulse generation and potentially opens new avenues for microwave photonics.
I. INTRODUCTION
Cavities are omnipresent in optics. For instance, lasers rely on the feedback by their cavity 1 or can be stabilized to a cavity 2 . Ultra-stable resonators have enabled sub-Hz linewidth lasers and represent the fly-wheels for optical atomic clocks 3 . In particular, filter cavities have been used to reduce the timing jitter of pulsed laser sources and optical signals, which is of high importance to microwave (MW) photonics and optical precision metrology 4, 5 . One of the key characteristics of optical cavities is their linewidth κ and the related cavity decay time 1/κ. Any dynamics faster than 1/κ (i.e. Fourier-frequencies in excess of κ) are suppressed via the linear superposition and temporal averaging of the light fields inside the cavity. Beyond linear optics, the strong light intensity in optical enhancement cavities has enabled efficient nonlinear optical frequency conversion and the advent of high-Q dielectric optical microresonators 6 has given rise to several new areas of research in nonlinear optics. One of these areas of research, which has gained a lot of attention over the last years, is the one of temporal dissipative Kerr solitons (DKS) in microresonators 7 that are coherently driven by a continuous wave (CW) laser or by synchronous optical pulse trains 8 . DKS are pulses of light, which retain their shape while propagating in the cavity as long as the driving laser is present, owing to a balance between dispersion and the focusing part of the nonlinearity as well as between the optical losses and nonlinear gain 9 . Since their first experimental observation in long, fiber-based cavities 10 and crystalline microresonators 7 as well as microresonators of other types 11, 12 , DKS have proven to be a breakthrough in particular for the field of microresonator-based Kerr frequency combs [13] [14] [15] [16] . Important for experimental systems, DKS have demonstrated to be stable and robust against small changes of their environment and to tolerate perturbations of the ideal system 17, 18 . It is moreover expected that DKS benefit from being generated inside a cavity, which filters noise that may be present in the driving laser. Interestingly, and so far unexplained, it has a) Electronic mail: tobias.herr@csem.ch a The Fabry-Pérot filter reduces the timing jitter of the pulse train. b Photograph of a fiber-based Fabry-Pérot microresonator as it was used in this work. The highly reflective dielectric mirror appears pink. Sketched into the image is a dissipative Kerr soliton (DKS) circulating inside the cavity on top of a driving pulse with a round-trip time of 1/frep. c Linear (L) and nonlinear (NL) filtering effects in the frequency domain. The linear filtering effect is given by the Lorentzian lineshape and the linewidth of the cavity (grey). The nonlinear filtering effectively provides a substantially narrower filter (purple).
been observed in a weakly phase-modulated CW-driven microresonator 19 that DKS can lead to a reduction of microwave modulation phase noise at noise frequencies below κ. In addition, sub-linewidth suppression of amplitude noise was observed for a synchronously-driven DKS in free-space enhancement cavities 20 .
In this work, we generate DKS in fiber-based Fabry-Pérot microresonators ( Fig. 1b ) via synchronous pulsed driving. Such pulsed driving has enabled unprecedentedly high conversion efficiency, deterministic operation and, importantly, all-optical stabilization of the DKS via arXiv:1907.09715v1 [physics.optics] 23 Jul 2019 slow synchronization to the driving pulses with metrological precision 21 . A major open question, however, is how timing jitter in the input pulse train translates into DKS timing jitter ( Fig. 1a ). Here, besides the expected linear cavity filtering effect, we find that DKS lead to an additional drastic reduction of timing fluctuations already well within the cavity's bandwidth κ. Despite the differences in the investigated DKS systems, phenomenologically this observation is similar to the observations mentioned above 19, 20 , suggesting a similar physical origin. In order to explain the surprising observations, we show analytically, based on soliton physics, that DKS give rise to nonlinear optical filtering equivalent to an intrinsic second filter cavity with an effective linewidth κ NL κ (Fig. 1c ). Combining both, linear and nonlinear filtering, into a single model, we are able to understand the experimentally obtained data and explain the observed filter characteristics. Moreover, numerical simulations confirm the model and allow us to relate different measured κ NL and features in the optical spectra to the relative temporal position of the DKS with respect to the intracavity driving pulse. As such, we establish a novel connection between the nonlinear optical physics of DKS and the use of cavities as optical filters.
II. EXPERIMENTAL SETUP
For the experiments we use a fiber-based, anomalousdispersion Fabry-Pérot microresonator ( Fig. 1b) 8 with a linewidth of κ/2π ≈ 7 MHz and a free-spectral range (FSR) of 9.8 GHz. This microresonator is synchronouslydriven by an input pulse train whose pulse repetition rate is matched to the cavity's FSR such that DKS are generated when the laser is tuned into resonance 8 . The driving pulse train is synthesized via electro-optic modulation from a continuous wave laser 22 . To this end, the CW external-cavity diode laser (ECDL) is fed into a cascade of one electro-optic amplitude modulator and two electro-optic phase modulators ( Fig.2a ), driven by the same MW source, with suitable phase delays. A chirped fiber Bragg grating and a spool of single-mode fiber are used for pulse compression. Before coupling the light to the cavity, the pulse train is amplified to an average power of around 100 to 500 mW using an erbium-doped fiber amplifier (EDFA). Using the Fabry-Pérot microresonator in transmission allows us to readily measure the intra-cavity field, rejecting light-components that are not coupled to the cavity (corresponding to a drop port in ring-type microresonators 23 ). After the cavity the signal is split and in one part detected with an optical spectrum analyzer; the other part is amplified with a second EDFA (not shown in Fig. 2a ), detected on a fast photodetector and further amplified in the MW domain.
In our experiment, we aim at characterizing the response of the DKS to timing jitter in the input pulse train. In order to avoid contamination from noise sources in the experiment we measure the response in a coherent manner. An artificial timing modulation is introduced in the input pulse train and the response of the out-coupled pulse train is measured. As the timing modulation in the optical domain is identical to a phase modulation in the MW domain, we practically generate the timing modulation by imprinting a phase modulation onto the MW signal driving the electro-optic modulators. This phase modulation (PM) is accomplished via a MW Mach-Zehnder interferometer where the second arm is strongly attenuated and in quadrature with the first arm. A mixer in the second arm is used to electrically vary its transmission and thereby to modulate the phase of the MW signal after the interferometer. The mixer's modulation input is connected to the output of a network analyzer (NA). The input of the NA is connected to the demodulated MW pulse repetition rate signal after the cavity. As slow thermal drifts in the optical setup impact the phase of the microwave signal after the photodetector, the demodulation is accomplished via a second reference MW synthesizer that is slowly phase-locked to the detected and amplified MW signal.
In order to derive the modulation response Z meas (Ω) at modulation frequency Ω from the NA data, the raw traces are normalized by a reference trace taken with the same optical and MW paths but without the optical cavity and with a matching photo-current on the photodetector. In addition, because the internal amplitude referencing of the NA is not meaningful in our measurements, we normalize the measured response functions to 0 dB at the near-DC end of the measurement.
III. EXPERIMENTAL RESULTS
In a first step we characterize the linear filtering characteristics of the cavity when the input pulses are at low optical power, such that no nonlinear effects are observed. Using the transmitted power as an error signal, the pulsed driving laser is locked at different detunings. Here, we define the detuning δ = ω 0 −ω p as the difference between the central spectral frequency component ω p of the driving pulses and the closest resonance frequency ω 0 of the cavity.
The simplest case is the one of zero detuning, δ = 0, where the expected measured modulation response Z L meas is a Lorentzian-shaped filter with a cut-off frequency given by the linewidth κ as shown in Fig. 2b . This is also what we observe experimentally for δ ≈ 0 (dark blue trace in Fig. 2c ). For larger detunings, Z L meas does not exhibit the simple Lorentzian lineshape anymore (Fig. 2c , green and golden traces). Instead, the modulation response shows a peak at around the detuning frequency caused by different effects, which can be accurately described by an analytic model (dashed-dotted line) as we show below.
In a second step, we repeat the previous measurements in the nonlinear optical regime when a single DKS pulse is present in the cavity (Fig. 2d ). Markedly different from the linear optical case, we see a substantial suppression at frequencies well below the cavity's linear linewidth κ (golden-colored marks in Fig. 2c, d ). This suppression can reach values of more than 10 dB for frequencies ten times lower than κ. The strength and the frequency onset of this suppression depend on the detuning δ as shown exemplarily for three cases (red, green, blue) in Figure 2d . Moreover, the observed suppression also depends on the parameters of the input pulse train such as its power or repetition rate. Similar to the linear case we also see a local enhancement of the modulation response for values around the detuning, albeit significantly weaker than in the linear case and with a double-peak structure, which is only resolved for certain detunings.
Simultaneously to measuring the transfer of the timing modulation, we record the intracavity optical spectra at the output port. In the central portion of these spectra, where the DKS and the input pulse spectrum overlap (purple and grey in Fig. 2e respectively), we ob-serve a striking correlation between the spectrum and the strength of the nonlinear filtering. This is shown in Figure 2f where the same colors in panels d and f correspond to the same DKS state with the same detuning. For the lowest frequency filtering onset (green color), the envelope of the central portion of the spectrum is almost flat whereas it is tilted towards longer or shorter wavelengths otherwise. Experimentally, the soliton state can be adiabatically moved between those states by changing the detuning or by slight changes of the input pulse repetition rate. We note that a perfectly flat central part of the spectral envelope is typically not observed and a switching behavior between long and short wavelength tilt (and vice versa) is commonly the case. 
IV. ANALYTICAL MODEL
To understand the observations and the physics of our system, we develop an analytical model starting out from the linear case and later extending it to the nonlinear case with DKS.
For a linear optical cavity the standard quantum Langevin approach 24 can be used to derive the timing jitter or microwave phase modulation transfer
which is equivalent to the absolute optical phase modulation transfer of a single optical line. For completeness we note that the non-zero group-velocity dispersion (GVD) of the cavity and a small potential mismatch between the cavity's FSR and the driving pulse repetition rate f rep implies that the detuning δ between cavity modes and driving laser lines is sightly dependent on their distance from the central modes ω p and ω 0 , respectively. However, in our model we neglect this fact.
The characteristic form of Z L PM for δ = 1.7κ is shown in Fig. 3b , left. It might seem counterintuitive that Z L PM exceeds 0 dB for Ω ≈ δ but this can be understood by realizing that for a detuned, off-resonant line its modulation sideband can be resonant and gain relative power.
In an ideal experimental system timing modulation or phase modulation (PM) of the input pulse train will not translate into amplitude modulation (AM) in the intracaviy pulse. Indeed the optical frequency components of the input pulse train will 'breath' symmetrically around the pulse's center frequency such that a resulting intracavity amplitude modulation in a single sideband with relative mode index +µ (with regard to the central mode) will be compensated by the amplitude change in the sideband with mode index −µ. However, in the case of inevitable imperfections such as a mismatch between the driving pulse repetition rate f rep and the cavity's FSR (Fig. 3a) , non-zero higher order dispersion and asymmetric driving spectra, even a pure timing modulation will result in some amplitude modulation. Moreover, AMto-PM conversion caused by chirped driving pulses as well as AM-to-PM conversion in the photodetector and in the MW mixers can add an additional component to the measured signal. While it is difficult to quantitatively capture all these nonideal effects, their functional shape is distinctively different from Z L PM and described by the PM-to-AM transfer of a single optical line (again derived using the standard quantum Langevin approach) Fig. 3b , middle, again for δ = 1.7κ. Based on equations 1 and 2, we build a model that does not only include the ideal timing fluctuation transfer characteristics represented by Z L PM but in addition a nonideal component with the functional form of Z L XM :
where α is an empirical positive and unit-free parameter describing the effects resulting from experimental imperfections as discussed above.
Taking α and δ as the only free fitting parameters (κ/2π = 7.0 MHz, D 1 /2π = 9.8 GHz), we can model the measured trace Z L meas (Fig. 2c , golden trace) very well for α = 3.2 · 10 −4 and δ = 1.7κ (dashed-dotted trace). Based on this model, we can also plot the ideal modulation response Z L PM (dotted grey line in Fig. 2c ). In order to extend the model to the nonlinear case, we first focus on the most striking feature in the nonlinear response, the suppression of modulations below the linear linewidth κ. This is surprising as, given the ultrafast nature of the Kerr-nonlinear effects, the cavity decay time 1/κ can be assumed to be the slowest relevant time scale. On the other hand, it is known that DKS can exhibit slow dynamics resulting from weak soliton-soliton interaction 25 , interaction with a chirped background 26 or from interaction with a driving pulse 8, 27, 28 .
Recent studies have shown that while in a stable equilibrium the DKS is bound to the driving pulse, it may drift with a certain relative velocity v relative to the driving pulse if the system is perturbed 27, 28 (Fig. 3c) :
where t denotes time, x(t) is the relative position of the soliton with regard to its bound equilibrium position on the driving pulse, S is the driving field envelope as a function of x and d is the drift coefficient due to the mismatch between the driving pulse repetition rate and the intrinsic repetition rate of the soliton state. Here we assume that the disturbances of the bound state due to the induced modulations or other perturbations are small such that the response of the system can be expanded and that it will be dominated by the linear part with coefficient A = − dv dx | x=0 , where for a stable equilibrium A > 0. The phase modulation introduced in our experiment is equivalent to a small timing modulation of the driving pulses, which we can describe as a harmonic perturbation of the driving pulse position p(t) = εe iΩt , where Ω and ε are the frequency and amplitude of the perturbation. The dynamics of the soliton are then described by the following differential equation
which corresponds to a Lorentzian low-pass filter
with a cut-off frequency of κ NL = 2A. This explains the observed nonlinear filter characteristics and shows that effectively, the nonlinear filtering can be interpreted as an equivalent additional dispersion-free, zero-detuned linear cavity filter with linewidth κ NL < κ. The cut-off frequency is determined by the parameter A that depends on the laser detuning δ, the repetition rate mismatch and the derivative of the driving pulse profile dS dx 27,28 . One interpretation of this narrower filter bandwidth is, that effectively the nonlinear optical DKS dynamics can store information about the system's physical state much longer than the intrinsic cavity decay time 1/κ thereby enabling a filter bandwidth significantly below κ.
The purple dashed lines in Figure 2d represent the best fits of the Lorentzian filter behavior Z NL for low frequencies where linear cavity filtering effects of Z L PM and Z L AM are negligible. The detuning dependency of κ NL , predicted by eq. 4 can be clearly seen in Figure 2d . In Figure 2g, where the values of κ NL are shown for many different detunings, a clear minimum where the nonlinear filter bandwidth is more than 20 times below the cavity linewidth κ is revealed. This minimum corresponds to the green traces in Figure 2d and f and in particular to the case where the envelope of the central portion of the spectrum is close to horizontal. In order to describe the full measured nonlinear trace also for higher modulation frequencies Ω, we extend our model for the linear case (eq. 3) to take into account the DKS with the effects described above as well as the driving pulses as summarized in Figure 3d . First, we need to differentiate between the contribution of the residual driving pulses and the contribution of the DKS. Because of the large difference in intensity, the two parts experience different effective detunings δ C and δ S respectively. Here, our nomenclature adopts the convention established for CW driven DKS, where the different Kerrshifts lead to distinctly detuned CW C and soliton S resonances 29 .
For the fraction C of the transmitted input light, we use the linear model developed above. For the soliton fraction S we combine the nonlinear model and the linear model by multiplying Z L PM with Z NL to obtain the full nonlinear PM response function Z NL PM (Ω, δ S ) = Z NL (Ω)Z L PM (Ω, δ S ) as shown in Fig.3b , right. As for the linear case (eq. 2), the response resulting from imperfections is given as α · Z L XM . Combining the linear with the nonlinear part the full model reads:
where S and C = 1 − S are the relative contributions of the soliton and non-soliton fractions. Figure 3e shows a fit of this nonlinear modulation transfer model (green) to the experimental trace (grey) where the following fit parameters were found: δ C /2π = 20.5 MHz, δ S /2π = 30.0 MHz, κ NL /2π = 280 kHz, α = 2.8 · 10 −5 and S = 0.978. Despite the simple assumptions the model for Z NL mod shows very good agreement with the experimental data, suggesting that it captures the essential underlying physics. The model therefore allows estimating the nonlinear filter characteristics for an ideal DKS based filter by making α → 0 and therefore rejecting effects related to imperfections as discussed above. The resulting trace is shown in Figure 3e in blue. Comparing this trace to the ideal linear filter characteristics (C = 1 and α = 0, dashed grey line) the strong modulation suppression by the DKS of several orders of magnitude is apparent in particular at low offset frequencies, where most oscillators are inherently noisy. In addition, we can set S = 1 and C = 0 corresponding to a photodetection of only the soliton component (e.g. by perfectly suppressing the driving portion of the spectrum), resulting in even stronger timing modulation suppression (purple).
V. NUMERICAL SIMULATIONS
In order to further support our experimental and analytical results we perform numerical simulations that are based on the coupled mode model for synchronously driven microresonators 8, 30, 31 . The experiment, whose results are shown in Figure 2d , is repeated numerically by creating a DKS state and injecting artificial timing modulation. Numerical demodulation leads to the modulation response shown in Fig. 3f . All characteristic features of the experiment are reproduced on a qualitative level demonstrating that also the numerical simulation captures the relevant physics. As the numerical simulation implements an idealized experiment there is good agreement of the simulated modulation response and the idealized model Z NL mod with α = 0 ( Fig. 3f , blue trace). The purple trace in Figure 3f shows the Z NL mod with α = 0 and C = 0. Numerically, creating a number of different soliton states, we find that the tilt of the spectral envelope as observed in Figure 2f is also reproduced in the simulations. Closer inspection shows that this tilt is directly related to the relative temporal position of the DKS with regard to the intracavity driving pulse. As show in Figure 4 , a perfectly flat spectral envelope (green trace in Fig. 4a and b) corresponds to the DKS being symmetrically centered on the underlying driving pulse (Fig.4c , driving pulse in blue, DKS in purple), tilted spectral envelopes are observed for off-centered DKS (red and blue traces), where the tilt increases for larger asymmetries. This explains why the lowest filter bandwidth in Figure 2d corresponds to the flat spectral envelope in Figure 2f . In this case, the soliton is temporally very close to the driving pulse center, where dS/dx is small and hence the soliton's reaction to the disturbance is weaker.
While perfectly centered DKS can be generated numerically, we point out that these states are not found to be long-term stable and will eventually assume a slightly off-center position (unless additional chirp is present in the driving pulses). This is in agreement with the experimentally observed switching behavior mentioned above and also consistent with the analysis by Hendry et al. 28 identifying two symmetric stable off-center positions for synchronously driven DKS and is related to symmetry breaking in such Kerr resonators 27, 32, 33 .
VI. APPLICATION
It has been shown before that solitons driven by continuous wave pump lasers 12, 34, 35 can have very low phase noise at larger offset frequencies and, moreover, can be disciplined to a MW reference via weakly phasemodulated CW lasers without losing this purity 19 . Here we show that using nonlinear filtering we can achieve corresponding phase noise reductions for a pulse train.
In this measurement, a compact, low-cost microwave synthesizer is used to drive the electro-optic modulators that generate the pulse train. No additional timing modulation is injected and instead we measure directly the absolute phase noise of the pulse train before and after the cavity using a commercial, high-performance signal analyzer with cross-correlation function. We detect the entire output spectrum and do not compensate for any of the nonideal contributions discussed above (therefore S < 1 and α > 0). The measured phase noise after the microresonator and the DKS (purple trace in Fig. 5a ) shows a clear suppression with a maximum of 15 dB at around 3 MHz compared to the input trace (blue), implying that the DKS acts as an effective clean-up oscillator. In order to quantify the nonlinear filtering behavior we fit Z NL to the lower offset frequencies. For the data in Figure 5a we obtain a nonlinear linewidth κ NL /2π of 750 kHz, 9× below the measured linear linewidth κ/2π of the resonator. In agreement with our previous measurement (Fig. 2g ), we find a clear detuning dependency of κ NL as shown in Fig.5b . For an optimal detuning the minimal value is around 400 kHz.
We note that the decrease in phase noise suppression for higher offset frequencies (around 17 MHz in Fig. 5a ) is related to the detuning and the different nonideal effects discussed above. The filter effect can be further increased by amplifying and detecting only light at wavelengths outside the input pulses' spectral coverage, which in equation 7 is equivalent to S ≈ 1 as transmitted residual input light is rejected.
VII. CONCLUSION
In summary, we present a nonlinear optical filter based on dissipative Kerr soliton dynamics in a nonlinear optical microresonator, which reduces the timing jitter of an optical input pulse train. We show that the tunable bandwidth of the filter can be more than one order of magnitude lower than the cavity's intrinsic optical linewidth. In an example application we demonstrate that the soliton can act as a clean-up oscillator, leading to a phase noise, or equivalently timing jitter, reduction of an electro-optically generated pulse train, where the suppression can reach 15 dB for some offset frequencies.
These surprising effects are accurately described by an analytic model of the soliton dynamics and are fundamentally related to the solitons capability of storing information about the system's physical state longer than the cavity's light storage time. These insights can likely also explain previously made observations of sub-linewidth noise suppression, where a similar underlying mechanism might be in place. Our findings are of immediate relevance to optical precision metrology, ultra-fast optical measurements, resonant supercontinuum generation in microresonators 8, 36 as well as microwave photonics including ultra-narrowband optical filters for radar or signal processing. The fact that DKS states can preserve information longer than the cavity's dissipation time scale may open new avenues for fundamental research at the interface of nonlinear optics and information theory.
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